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ABSTRACT
The scatitering of 2 plane wave by & spherical bubble immersed
in a homogenscus perfect fluid of infinite extent has been examined.
Bxpressions for (1) the average sound intensity of the scattered wave, and
(2) the average total intensity of the entire sound field have been obtained.

Numsrical calculations have been carried out for the case of long wave-

lengths and for distances close to the bubble, Sevural curves have been

plotted.
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A STUDY OF THE SCATTERING OF UMD WAVES IN FLUIDS
PART T - SCATTERING OF A PIAKE WAVE Bt A SPHERILZL BULBLR

I. INTRODUCTION

The scattering of a plans wave by a spherical bubble immersed in
a homogsneous perfect fluid of infinite extent has been exanined. An ex-
pression for the average sound intensity of the scattered wave very close
to ths bubble has been obtained. The important case of loug wavelengths
or small bubble radii is of particular interest and has been given special
attention, HNumerical results are pressnted in the foram of polar diagrams
for several different values of r/a. and 2maf/A, where » is the distance
from the center of the bubble, 4. is the bubble radius and A is the wave-
length,

In addition tc the average intensity of the scattered wave, an
expression for the average total intensity of the entire sourd field has
beeon obtdnid. This result is compared with the averags sound intensity
of a plans wave travelling in an infinite homogsnsous fluid with no bubble
present, It is found that the influence of the bubble on the average total
sound intensity is negligible when Zra/A. is small and +/d >>10. Thus,
the average total sound intensity differs very littls from that dues to a
plane wave travelling in an infinite homogensous fluid with no bubble
present. For small values of r/a, however, the presence of the bubble
seriously alters the magnitude of the average total sound intensity from
that due to a plane wvave, Polar diagrams of the ratio of the average
total sound intensity to the average intensity of the incident plane wave

are presented for several different values of r/a.



II. DISCUSSION

Corsider a plane wave incident upop a spherical bubble of radiue
& immersed ir an infinite homogensous perfect fluid charactericed by
density f and welocity ¢ . It 1is desired % find expressions for the
averages sound intensity of the szcattered wave and the average total
intensity of the entire sound field very close to the bubble. The special
case when the ratio of wavelength to sphere radius is large is to be given
special attention. Large values of this ratio imply that either the wave-
length is 1long or the sphere radius is small,

The pressure equation for a sound wave is given by

2 ! 2
AR e
) where P is the excess pressure and C 1s the velocity of sound. If the

pressure dependence on time is of the form exp(-cwt), then

Vp+kp=0 , (2)
wherc
w vy 2w
k=< =T =3 (3)

Tts scalar wave equation in srherical coordinates is given by
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where ~ , § and ¢ are shown in PFigure 1. Tha problea under discussion

possesses symmeiry about the polar axie sc the incident and scattered waves

are independent of ¢ . In order to solve the prodblem it is necessary
to find solutions of the scalar wave equation that represent an incoaing
plane vave and an outgoing scattared wave. In addition to these require-
ments, it is nsceseary that ths solutions satisfy ths proper boundary
conditions on the surface of the bubble.

The expression for a plans wave travslling to the right along the

polar axis in terms of spherical waves is given by

B = F. ei‘(rw&-ct)

or (5)

i (2m41)i” P(we);.(lr)e%“t

~me0
where ﬁ (CAB) are Legendre Furct ons of the First Kind and jm(ir)m
Spherical Bessel Functions. The expression for the wave scattered by a
sphere of radius A whose center is at the polar origin is

4

p= 0 CuBleot)fu i tin, ()] O

mwD

where 7, (kr) are Spharical Neumann Punctions. The combination
[’;{b)‘H"u(L’)J represents an outgoing wave.

The appropriate boundary condition for the bubbie is that the
total pressure on its surface be sero. Therefore, the condition to be
satisfied when =2 is that the sum of the incident and scattered pres-

sures be sero,
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The constants (_, can be found by subatiiuting equations (5) and

(6) into equation (7). Substitution yields

,PZ Cmtr) ™ E (me);'., (ka) e tu

me0

= -cwt
+) 0 Plewd)[jr i) +in,(ka)] € =0

E(."u +1)( mf..(“) +C,,, [j,,, (fa)'h,'n,,, (Al)] =0, (8)
Lot _

[;;/lr)J- (n,, (lr)] c—iA., (k) et (k) ) (9
whe

A (ko) = [ [ 0] + [ )] (10

() = fan' g2 lb0)

—h (h7) ] (11)

By making use of the relations
P lhr) = Ay, (ke )ainoty (k#)
(" - e"f("""") S
(13)

(12)
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ths constants C can be vntun
¢! (oc,, (ka)~ z(‘m&')]

C "P&m*’)c a0t () (1)

The expression for the scattered prouuro wave becomes

"‘PZ(ZM -clw ha) - ., (kr) ~ E"']

_cwt

/4 (ke wiv o, (4a) P(c,u : (15)

The radial component of velocity for the scattered wave is given

|2
I I 7T (26)

Uy = <
U wwp r
By substituting equation (6) into (16) the expression for the velocity

of the scattered wave beconu
s, = - ZC Blews) 2[4 )t cr (b)) cust

M’O

or

—cwt
Yy ) Plead) gy (i bin €T

peo
It is convenient t¢ introduce the following notation:

[F) ) tenf (/(,)] =5 k)Pt (18)

* tpc.




be
By using the appropriate recurrence formulag it can be shown that

@ (kr) =,3}—+-’—) V[’Dn"' (k) - ('P+/)n "y (ér)];+[(f,+l)jf+, (&) -)e;’;_, (lq»):]x

(19)

ﬁ (k) = ,ta,“_‘ l+/)},*, (kr)- b 1)-1 (b’)
P Fipi (kr) ~ (PH)n'“(b-)

(20)

Substituting (14) and (18) into (17), the expression for the radial velocity

of the scattered wave becomes

{21)

In a similar way it is found that the radial component of velocity
for the imcident plans wave is

3 1) _iwit
wy, == _._.z(zf,,,,) D(mg)J_P (b) e (,+ e (22)
p=e
vhere
4, (b} = (2' op (s £ lr) - (p+c)J/4/(£r)] -
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The angular component of velocity for the scattered wave is given

by
- | | Ips .
Yo ap T e (24)
Differentiating oqution (15) with raspect to & and combining terms
"= [a( Cha)- p(‘r) 5-44-/)]
Us ""“""‘ (2p+! =5
R PL T R
A (kr) aun o (ka) 2 (coed) € e (25)
vhere
P(c«-O) =>9 R(en?) .

The angular ocomponent of velocity for the incident plane wave is

Upp = _F-i'_ Z(zﬂ-l) (cule)J,(Zr)C t(}’ e (6

p=0
The average intensity of the scattered wave can be found by
multiplying the real parts of the expressions for the scattered pressure
and scattered radial welocity and averaging over time. Note that the
average scattered intensity is the average rate at vhich energy is trans-
mitted per square centimster in a radial outward direstion, The real
parts of the expressions for R and W;are given by
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Blp) == 2D (Pt ) o 5. (ha) E fcrs) Ant b3)
mTe (27)
‘Coe [, (ka) = .l br) -Im +wt]

, RS
% (u) = - 3= PZ (2p+) ainopka) R (008) 5y (47 )
=0

(28)
oo [y tha) = Bothr) = F (pH)Fut] -
Thereforu, the intensity %}_.!n tteyed wave becomes
Cln)felus) = -PT (2»#)(2/,-/:)4«:0(," (fa) M([&)

mso pud

E/Cnﬂ)fi(mg)fh (Ik)EP(A) W[x,,/[,)- x,,,/[,.) "Z”"‘"“’é)

. m[agolh)-,s; (br) =L lht1) + w*] .

(29)
By using the appropriate trigonometric formulas and omitting all terms

wvhose time average is zero,

ot [ (ha)= soulls)= Tt wt ] o [ (ba) -, (be)= E ot D ust ]
s F W[“../A)'-(,(Ia) ~ k)t B (k) - T+ 3 /,br/)]’ (30)

Substituting the above result into equation (29) it is found that the
average intensity of the scattered wvave is
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LV <& 5 2
T =1 /o f Cotf2pt)asmo., (ta) wiotpCha)

=0 ,3 2

[~ len8) B (a6) A, ()6, (1)

vlralia) sy ()= (0) 1, G -FHF 40,
where Z: & ’?/2;:. is the average intensity of tobe incident plane wave,
Note that if c.g.s. units are used, the intensity is measured in erge

per second per square centimester,

The average total intensity of the entire sound fisld can be found
by taking ths vector sum of the averags total radisl intensity and the
average total angular intensity. The average total radial intensity can
be found by multiplying the real parts of the expressions for the total
pressure and total radial velocity and averaging over time. Note that
a positive valus of the average total radial intensity is the average
rate at which energy is transmitted per unit area in a radial cuiward
direction. The average total angular intensity can be found by multiply-
ing the real parts of the expressions for the total pressure and total
angular velocity and averaging over tims. In this case a positive value
of the total angular intensity is the average rate at which energy is
transmitted per unit area in the direction of increasing & .
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The total pressure, to.al radial velocity and tctal angular

velocity are given by the following expressions:
F B Bp 4 o
= F ) el f ) e = Te

me0

R J (249 Plews) A (hr) o, (ka)

-0

¢ Lot lhe)— oty Che) = E 1- ‘wt

el

U, = Up, +Us,

= _fébg (2,4-/)[’9(@, 9)4}'(&#) e
B D Bl ) Gplh) et oy (he)

=0

el the) = o lhr) - 2] - (wt

(FO+1) -t
¢

U*a-—' u’o +u:0

= - -§— k—"—;Z (2f4-a)/,>’/mo)(7',[lr)c
p:o

t ,-f'?: z‘,‘P:ZO (2++0 R (cr6) Ay thr) 4eme =, (4a.)

-5[.(, ({&)-o‘,(l:r) -;(ﬁf")] -t
«l &

“ZI()"') Y
e

(32)

(33)

(3b)
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The real parts of these quantities ure given by
L]

m{Pé) = EZ(Z"“)E(WG)}"(")C“[;% *wé]

mED

_F i/zw) R lenb) A (b) s, o)

m=0

m["( (ka) —“m(lr)-;—'m-f af]

(35)
(4, ) = "'j{ZfH);D/m&)cj, (br) cos [- §-(}z-ll)rwt]
f-’—o
Z (ap#DF (ean )5, (b ) ousit, (o)
pzo
cou [oyCha) = f hr) = F (p #1) #0t ] -

"? r < Y
0lusy) =52 7 Z Crt) ) () g lhr ) cra[-Fp41) st ]
~EE Z(Z/'*’)P@P)Ap(b)mx,(h)

- coafoplha) ~xyChr) - F(pt1) fwt ] |

(31)
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The total radial intensity becomes

Oﬁ(p‘)lﬁ.(uh,
-*-52 (”m+l)(2,o+l)P/unO)P(m&)}..(lr)jr T4 )

meo pP=0

m[ -m+wf]oo¢[-‘:(;+l)+wéJ
fz (2m+'yzf+')P(C&O)P(WG)A..(L)B (l’r)

mz0 pzo

i o lia)mim sy ) e [ ot Cha) =t () =T F 0t |
ot [mpla) - p (b) = FG#D+ut |

Z > (ot )2y () P len ) () By b ) i 1)

vt )=0

- Coe —-n{»wt] w[of,(fa) -—5([,- _”"(),.H)J_w{-]
ZZ(Z'"*’)(%‘*’)P{WQ)P(CWQ)/‘L(A)Mag.,(la);’ (1:)
m 20 ’zo

ot [, ()=t ()= #urt Jeoe [FEQpa1) 4ot ] .

(38)
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The total angular intensi ty bacomss

a (Pé)ﬂ [uéo )
B S S IR e R (s th) gy thr)

mopxo

’ c.m[-;m Jwt]a.,_[: g(/ll)i-wéj
P s & ,
i/ 2 (2~¢')(Zf+')/9(cw0)P, lewd)A. (k) Ay (4)

pc Ar %55

aoiog, (o) s oy (h) co [0, (hn ), ) = Fi pust ]
m[ (‘a)-—ex (lr)--(}ofl)‘/"wt]

,,c i 2_ Z_ (szr)(b+oP@9)Pm)(f,ﬂ Ay )tin ()

m=0 p=o
m[.;mfjw[%(z()_,,(;,)_;:(;,,u)mf]
+L il PZ ot Nt ) oMol Vi i)

m[og,(lc.) -, /b) ~Em *wé]w[ (fn)-} wt]

(39)
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Bote that i{a equations (38} and (39) the first doubls summation iz the
intensity of the incident wvave and the second double summation is the
intensity of the scattered wvave, The last two double summations represent
interaction between the incident and scattered fields. The presence of
interaction terms in the expressions for ths intensity components is due
to the fact that the total pressure and component particle velocities each
invwlve tw terms. Upon multiplication, four products are obtaired, two
of which are cross product terms that represent interaction between the
incident and scattered fislds. The contribution of these terms to the
total intensity fisld is significant when intentity measurements are made
close to the bubble. It should be noted that ths total pressure and com-
ponent particle velocitiss do not inwlve cross product terms since these
can be expressed as sums of the incident and scattered fislds. In corder
to find the average total radial and angular intensities, the time averages
of equations (38) and (39) must be determined.

The average total radial intensity is found to be

TS -
L= ) Comkap OB arnd) Pleseb) o o) (1)

m=z=0 P*O

cos [ Ent 4]

PRI~ 4
J_Z/:C— L ;(’2m+0(2;#)/,?/@;6)/,?/@49)/1'» ("’)B/ (br) an *,(ka)

m=

g (Jo) o [ (k) = ()= Em— o (k) £ ()45 (1) ]

\/ Cor Lt»;;.lld )
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4 The average total a.ngula.r mtonaity is given by

7 = .2.; - Z Z 20Xt R o ) lenct) i () g 1)

‘cov - —m+ z"k%l)]

—27: [:Z—;}Zm*/XQP*l)P/WO)P/WV)A.(lrM/’ﬂ")M“ (ks)

m=0Q P:o
“fon o (Aa)w[x (k) =0t (b = Em = o (h) oy () 4 E(p 1) ]
P‘ 0
+«f¢ [r s @»WX:HI)/ (mé)P(mg)j ([,),4,)([,.)

m'O, o

¢ inxy Cha) e [~ T _ o (ka) 406, (L") +Z0p41)]
( contivined )
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ch, ér Z—Z(MH)(%'H)P@*&)P@B)A (A)M%(A\)

mzo PO
<3 () cow [ he) =5 (b ) = Fmt £ (4]
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(1)

The quantity ’272 pC 18 the average intensity of the incident plane
wvave., If c.g.s8. units are used, the intensity is measured in ergs per
second per ;qmm centimster,

i The case of very long wavelengths is of particular interest.

( 3 The expressions for the intqnsities can be simplified slightly by making
use of well known asymptotic formulas. The formulae needed are the
following:

vj.o(éa) —_— ] m=0 s
d . s (h.)m (42)
;"(Aa) /3.5 ... '(2m+l) m>0 é&"’O
N (b)) —e — U _
Z& m =0 ka -0
U:A) T /3('::).,”;{;2”'_’) m>0 ka—o
Substituting these results into equation (11)
fam o (ha. ) —> (ka) m=0
L )Zm+l (L3)
Faun 0, (ko) — (ko m >0
[/.3.5....(2,,41)70-3-5--- -(2’0")7
()

"

| e - e mmp——— .
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for small values of 1’4. « Since the arguments of the tangents are small

o, (ta) = aim X (ba) = (ko) Eak
2:md/
o fo) = 4o 'w) fa)”“" ("4) W
(ke ol [1-3-5..C2mtD)][ 1-3-5- -(2m-1)] ’r(
m>0 )

By making use of the above approximations, the teras in equations
(35) and (36) involving oc_ (la.) can be computed with ease for the case
of long wvavelengths,

The average total intensity of the entire sound field is given by

——

2”,=ZZ; 4_%2" 3 (LS)

g

-y
where {, and 7, are the unit vectors in the direction of increasing
-—
and & , The magnitude and phase of Trm

If’,[=/2”j+ff (L6)

-/
$ = 7 7%‘ ' (47)
.
In the above equations / ? > / is the magnitudes of the average total inten-
sity at the point (r; 9)and § is the angle between the average total inten-
sity end the unit wvector t-: o« The angular deviation between the direction
of the average total intensity produced by a plans wave incident upon a

spherical bubble and the average intensity of the same plane wave with
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; no bubble present is given by

{ A =6+ é ° (48)
!
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t The qmtityd vill be called the Intensity Deviation Angls,
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III. RESULTS
The ratio of average scattered intensi:ty to average incident

intensity has been plotted as a function of angie for different values
of 2ZnafA and #/&. Two sets of curves have been drswn and are presented
in Figuree 2 and 3. In the first set of curves dri/i ic held constant
and F/A 1s varied; in the second set of curves //A is held constant and
ng//\ is varied, The following sets of values have been taken for pur-
poses of calculation:

Figure 2: 2ma/A = 0.10, . -/a = 3/2, 2, )

Figure 3: r/a = 2,00, 27a/A = 0,05, 0,01, 0,02
Por the case in which +/ais fixed, there seems to be littls change in
the ratio of scattered intensities for the valuss of Jrz/A corsidered.
Note that for a wavslength of 100 feet and a bubble diameter of 3 feel,
the valus of 2ma/A is approximately 0.10. For this value the ratio of
intensities 1.5 feet away from the surface of the bubble in the backward
direction along the polar axis is 0,309,

The average total sound intensity of the entire sound field is
equal to the vector sum of the average total radial and average total
angular intensity components. Unfortunately, the numerical calculation
of these intensity components is lengthy and tedious since each component
is equal to the sum of four double summaticns in which the indices run
from gero to infinity., For computational purposes, however, only a
finite mmber of these terms need to be taken because terms involving

large valugs of the indices are extremely amall., It is found that for
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emall valuss of the parameters Z274/A and ’/A)mfﬁciont accuracy is
obtained by taking the largssi value of ecech index to ve two. Each
intensity component cen, therefore, be axpressed as ths sum of thirty-six
terms provided calculations are limited to ths case of long wavelengths
and distances close to the bubble. As the value of either Zma/A or r/&
is increased, 1t 1s found that mCie and more terms are needsd to obtaim
the correct valuss of the imtensity compoments., Numerical work Yecomes
prohibitive when ths wavelength is of the same order of magnitude ae the
bubble radius,

In order to obtain eome idea as to the influence of a spherical
bubble on the average total intensity, calculations have been performed
for valuss of 2ma/Ae 0.1 and r/o-= 2, L4, 10, These valucs are repre-
sentative of a emall bubdbls in a sound fisld of long wavelsngth and corre-
spond approximately to a bubble diammter of 3 feet and a wavelemgth of
100 feet. Figure L is a plot of the Intensity Deviation Angle as &
function of the polar angle & for Zma/A = 0,1 and r/&-e 2, Figure §
is a polar plot of the ratioc of the average total sound intensity to the
aversge intensity of the incident plans wave for Jma/A = 0,1 and /& = 2.
Note that the arrows shown on the polar disgram indicate the direction
of the total sound intensity vector with respect to the polar axis at
the point (Za,#). The value of lf;//l’}, 1.5 feet awvay from the surfece
of the bubble in the backward direction along the polar axis is 0,185,
Figure 6 is a polar plot of the ratio of tha average total sound intensity
to the average intensity of the incident plane wave for 274/A = 0.1 and
Ffae 2, L, 10, %0, It is evident that for large values of /74 the pree-

ence of the bubble has little influence on the average total sound imtensity.
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(2ra/A = 0.10)
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